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Form:

Bubble in the single best choice for each question you choose to answer.

1. Simplify. flogo(21/1:21/82116..)

(F) 4
91/4 [ 91/8 91/16  _ 9itgtigt..
1
1 1 1 r 1
itstit- = =3

T
2
Alog22'? — 412 =9 (log, b* = 2) O

2. The Pauli spin matrices oy, o3, and o3 ap-
pear in quantum mechanics. They are

101 |10 =1 110
=010l 2T i o] PT o —1
The inverse of a matrix A is A~ such that

AA™ = A7'A = [. What is (09)™"?

(A) o
(B)| o2
(C) o3
(D) —o2
(E) I
M R

Note: (o;)™' = o; for 1 = 1,2,3; that
is, each is its own inverse. i

3. A sprinkler in the corner of a large square

lawn sprays a radius of 16 ft. Approximately
how many square feet of lawn are watered

by the sprinkler?

(A) 800 ft

(B) 400 ft?

(C) 256 ft

(D)| 200 ft?

(E) 641" 16 ft

W(lift)2 _ 7r(25fft2) ~ 200 ft2 0

. What is the output of the following BASIC

computer program?

10 dim V(7) rem dimension array
20R =1
30 V(0) =1 : print V(0)

40 V(1) 2 * R : print V(1)

50 for n = 2 to 7

60 V(n) = (2 * pi * R"2/n) * V(n-2)
70 print V(n)

80 next n

velocity in a collision of n objects
viscosity of a liquid at temperature n
nth vibrational mode of an oscillator

nth vaporization state of a gas

(E)| volume of an n-dim unit sphere

This is a recursion relation for the
volume of an n-dimensional sphere;
the function peaks at n = 5 and then
V(n) — 0 in the limit n — oo. O




5. One solution of 422 +bx —3 =0 is %. Find

b and the other solution.
(A) b=—3 v=3
(B) b=-9; :1;:—%

C h=—-2. =1
(C) X 3
D) b=2. =1
(D) 5 3
(F) b=% z=1

Since one solution is % we know
that one factor on the left must be
(:1; — %). Since the product of the first
terms must be 422, then the first term
of the second factor must be 4z. Since
the product of the last terms in each
binomial factor must be —3, the last
term of the second factor must be .

Thus we have (:1; — %) (4:1; + %) = (.

So x = —% to make the second factor
zero. Multiply the binomials together:
4:1;2—23—3:1;—3:>b:—?. o

6. A man born in the first half of the nine-

teenth century was x years old in the year
2%, In what year was he born?

(A)] 1806
(B) 1812
(C) 1825
(D) 1836
(E) 1849

Look for a whole number z for
which 2? — 2 is between 1800 and
1850. Note that 40? = 1600 is too
small, so try (40 + A)?: 43? = 1849.
1849 — 43 = 1806 O

7. Gaussian integers are complex a + bi with

8.

a,b € Z. Some ordinary primes, such as 3,
7,11, 19, 23, 31, 43, .. . are also prime in the
Gaussian integers; but 5 is not a Gaussian
prime because 5 = (241)(2 —1i). Which or-

dinary primes a are also Gaussian primes?

(A)

ging in the list of ordinary primes
which are also Guassian primes. See
the distribution of Gaussian primes in
the complex plane. m

Find the sum of the three cube roots of 1.
(A)] 0

-
~—
LW DN = o=

Cube roots of 1: {1,—1 + @1}
They are spread evenly around the
unit circle in the complex plane. m

A wedge is removed from the center of a
cube as shown. How much of the original
volume of the cube remains?

(A) 2
(B) 3
()] 3
(D) 2
(F) %

Vwedge =1- l(l '

1) =2

4
Or turn over the piece on the right and

‘/Cube -

join it to the piece on the left to pro-
duce a rectangular solid that is 3/4 as
wide as the cube was. m



10.

11.

12.

How many factors does 1000000 have?

(A) 48
B)| 49
(C) 50
(D) 51
(B) 52

The number of factors of N is
(g1 + 1)(g2+1)...(go + 1) where the

gs are the multiplicities of the prime

factors: N = p{'p?...pl». Since
1000000 = 265° then the # of factors
is (6 +1)(6+1). O

Which of the following fractions cannot be
written as a terminating decimal?

(A) 3

(B) 3%
(C) 75
D) 7
(F) %%

To be writable as a terminating
decimal (base ten) a fraction in lowest
terms must have a denominator whose
prime factorization contains only fac-

tors of 10. 768 = 28.3 O

Which polar equation best represents the
graph for 0 < 0 <277

(A)| r=3+2cosb 2
B) r=243cos¥
C) r=2+3sinb
D) r=3+42sind
E) r=3+3sinf

Plot points in polar coords. m
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(
(

13.

14.

15.

What is the length of the curve?

y=2z—-13  1<z<d4

If the graphs of 2y + + + 3 = 0 and
3y + ax + 2 = 0 are to meet at right an-
gles, then what is a?

(A)

E) S

Put each in slope—intercept-form:
y = —%x—3andy: —gx — 2. For

@)

perpendicular lines the slopes must be

. . .
negative reciprocals, so —§ = 2. o

The empty set is a subset of every set. A
set is also a subset of itself. The power set
of a set S, P(9), is the set of all subsets of
S. How many elements are there in P(5) if

S={R,0,Y, G, B, I, V)

(A) 124
(B) 125
(C) 126
(D) 127
(B)| 128

If S has n elements, then P(S)
has 2" elements. By the way, S is the
colors of the rainbow (in order). O



16. The perimeter of a certain right triangle is
12 + 8/3. The sum of the squares of all
three of its sides is 294. Find its area.

(A) 1143

B)

(C) 10v3

(D)| 6V3

(E) 24v/3

a+bt+c=12+83
a?+ b+ 2 = 294 a4+ b = ¢
22 =204 =2 =14T=>c=T7T3
a’+b% =147
First equation = a4+ b= 124 /3
(a+0)? = (12 +/3)? = 2ab = 24\/3
A= =25 _ /3 O

2

17. This problem involves numbers written in

two bases we’ll call base A and base B.

What is the base 10 value of A + B if

31A = 2A . 17A and 443 = 3B . 1337

(A) 20

(B)| 18

(C) 14

(D) 11

(E) 8

Use positional notation to inter-

pret each equation in base ten.
3A—|—1:2(A+7) — A= 13ten
4B‘|‘4:3(B‘|‘3) — B:5ten
As a check, we knew A > 8and B> 5
(else 174 and 445 make no sense). O

18. l’wm.. = 2 is true for what value of 27
(A) 2
B)| v2
(C) V2
(D) 22
(E) oo
Take In of both sides.
lnxﬂ'. =1In2
The power rule gives
l’wm.. clnz=n2=
¥ = — =log,?2
Inz
But #7° = 2, s0

2=log, 2= 2*=2

19. An inlet pipe can fill an empty tank by it-
self in 2 hours and an outlet pipe can drain
the same full tank by itself in 5 hours. If the
tank is half full when both valves are opened
how long will it take to fill the tank?

(A) 1h,50min

(B)| 1h,40min

(C) 1h,28min

(D) 1h,18min

(E) 1h,6min

Let x be the required time in

hours. £ —¢ = % Multiply by a com-

mon denominator: bxr —2x = 5 =
xz%hzlh,ll()min. m




20. Where does the line tangent to the sine

21.

function at (7, 0) intersect the y-axis?

(A) (0,0)

(B)] (0,7)

(€) (0,1) -
(D) (0,3)

(E) (0,2m)

The derivative of the sine function
is the cosine function. cos(m) = —1.
Now we have the slope of the tangent
line and one point it goes through.
y—0 = (—1)(z—m). In slope-intercept
form thisis y = —x + . O

At her birthday party Mrs. B was asked her
age. She replied that the total of her age
and the age of her husband is 140. Then
she added “My husband is twice the age [
What is the
product of Mr. and Mrs. B’s ages?

(A) 4500
(B) 4756

was when he was my age.”

(C)] 4800

(D) 4875
(E) 4891
Define variables.

w = wife’s current age

h = husband’s current age

w' = wife’s prior age

h' = w = husband’s prior age

Same rate of aging: h — h' = w — w’
w=w—(h—=~")=2w—-"h

The problem gives us two equations:
1) w+h =140 and 2) h = 2w’

h =2w =22w—h) =4w —2h =
h = %w

w4+ h =140 = w—l—%w:140 —
w = 60 h=32w=260=80 o

22. A triangle has sides of lengths 8.1 and 1.4.

23.

24.

What is the length of the third side, if it is

an even integer?

(A) 2
(B) 4
(C) 6
(D)| 8
(E) 10

Triangle inequality: 8.1 — 1.4 <
c<81+14 = 6.7<c<95 m

Find b—a if (a,b) is the solution to the
system of equations.

ma + (m4e)b=m+2e
(m+3e)a + (T +4e)b =7+ 5e

(A) =3
(B) -1
(€) 0
(D) 1
(B)] 3

RQ—Rl - Cl—|—b:1(The
7 part of either equation gives same.)
The e part of the first equation gives
b=2. m

tant —sintcost

Simplify the expression:

tant
(A) sint
(B) cost
(C)| sin®t
(D) cos®t
(E) 1

Turn the tant into sint¢/ cost and
simplify. m



25. Randomly choose k digits (with repeti-

26.

27.

tions allowed) from {0,1,2,3,4,5,6,7,8,9}.
What is the probability that 0 will not be
chosen?

(A) &
B)
©) &
D) (&)

The probability that any one of

. . . . 9
the digits is not 0 is 5. m

How many minutes after noon is the first
time that the hour and minute hands are
pointing in exactly opposite directions?

(A) 32
(B) 321
(C) 32%
(D)| 328
(E) 33

Let h(t) = 32t and m(t) = 2t be
the number of radians the hour and
minute hands pass through in ¢ hours
since noon. The answer in hours is the
solution of A(t)+m = m(t). Solve this
togett:%h:%min. m

In one lottery there is a bubble sheet of
numbers from 01-60 and a ticket is com-
pleted by filling in any five of those numbers.
If you randomly pick the five numbers, what
are the chances you will win the jackpot?

W
3
) %
o
R

Since order doesn’t matter, this is
a combination of 60 items taken 5 at
a time. O

28. Let the bottom edge of a rectangular mirror

29.

on a vertical wall be parallel to and A feet
above the level floor. If a person with eyes
t feet above the floor is standing erect at a
distance d feet from the mirror, what is the
relationship among h, d, and ¢ if the person
can just see his own feet in the mirror?

(A)| t=2h and d doesn’t matter
(B) t=4d and h doesn’t matter
(C) hM*+d* =%

(D) t—h=d

(E) (t—h)*=4d
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Draw a diagram. Angle of reflection
equals angle of incidence. m

A piece of paper has the shape of the larger
circular sector with dimensions and angles
as shown. This paper is suitably folded to
form the vertical cone shown at right. Find
the height A of the cone.

(A)
9 9
<
~_.7 =

(€)
(D)
()

The circumference of the circular

sector is the circumference of the base
of the cone. Solve for the radius of the
U 2T x9 = r=6
Use the Pythagorean theorem on the

triangle h-r-9. h = /9% — 62 m

3

(B)| 3v5

3v2

9V2 N
9

cone. 2mr =



30. It’s Sophie’s birthday! Sophie Germain,

famous, self-taught woman mathematician
was born April 1, 1776. The identity named
after her says which of the following is
equivalent to z* + 4y*?
(A) (z+y)z+y)(e—y)z—y)
(B)] (2% + 22y + 2y%)(2? — 22y + 2¢%)
(C) (z+y)*(x+2y)°
(D) (z+y)*(r —y)(z +4y)
(B) (z=w)*(z +y)(z+4y)

[socv] Multiply the two trinomials and

collect like terms.

((x+y)?+y°)((z —y)* +y?) o

31. What is the real number equivalent of i%'?

(A) et

(B) e‘%
(C)| e
(D) e *"

)
(E) No real number equivalent exists

2 2ilni _ ezi(lne%) _ (%)

32. A copy of a 6cm x 18cm rectangle is

placed on top of the original rectangle as
shown. What is the area of the parallelo-
gram formed by the intersection?

(A) 54cm?
(B) 12v/34 cm?
(C) 1810 cm?
(D) 364/2 cm?
(E)| 60cm?
There are four congruent right tri-
angles.  Use Pythagorean theorem:
62+ (18 —a)? =2 = =10
Therefore the parallelogram has a
base of 10em and a height of 6cm.
Or: the area of the parallelogram will
be half of (sum of the two rectan-

gles minus the four right triangles) =

1[2-6-18—4-1(6-8)] = 3[216 — 96] o

33. A right square pyramid is cut by a plane

parallel to its base halfway up the altitude,
creating a smaller version of the pyramid.
What is the ratio of the volume of the small
pyramid to that of the original?

(A) 1:2
(B) 1:4
(C) 1:6
(D)| 1:8
() 1:10

Since the smaller pyramid is sim-
ilar to the original, it is half as tall,
half as wide, and half as deep. The

volume of the smaller is (%)3 * Vorig. O



34. Find the equation of the line through the

35.

origin that bisects the area of the unit
square shown.

(A)| y=32 va
_1 1
= gx 1 o L—"
_ 3 >
(D) y=3e 1 2 z
(E) y=22

To bisect a square a straight line

must pass through its center. The cen-

ter of this square is (2, 1). Since the
line goes through (0,0) the intercept
is 0 and m = % m
Let f be a function satisfying
f(z)
fley) = ——
(zy) y
If £(500) = 3, what is f(600)?
(A) 3
(B) 3
(©) 2
D)| 3
(B) 3
Let © =500 and y = 2.
500
F(600) = f(500 - £) = L&) — 2
Can you see why f(z) =127 O

36. Positive integers a, b, ¢, with no com-
mon factor greater than 1, exist such that
alogypy 5 + blog,yn2 = ¢. What is the sum

a-+b+c?
(A)] 6
(B) 7
(€) 8
(D) 9
(E) 10

al0gy00 5 + blogyn 2 =

logyg0 5" + logygg 20 =
— a=2,b=3 ¢c=1 m

37. If sinx = 3 cos z, what is sin z cos x7

1
6
1
L P
5 1
1
4 0O
3 3

10

Note: since sinz and cosx have

the same sign, the angle lies in the 1st
or 3rd quadrant, so sinz cosx > 0.
sinex =3cosr = tanx = 3.

From the triangle we see that

3 1
smx—\/ﬁandcosx—m. O



38. Five girls wish to give each other gifts. Fach

girl puts her name in a hat and then each
draws a name from the hat. In how many
ways can the names be drawn from the hat
so that no one draws her own name?

(A) 24
(B) 25
(C)] 44
(D) 86
(F) 120

This question is asking for all the
derangements (permutations of an or-
dered list of symbols in which no sym-
bol is in its natural position) of 5
symbols. One may count the num-
ber of derangements directly (long) or
deduce the following formula: D, =

(1= et (1) o

n!

39. Which is true if the lines with equations

y = 2x + b and y = mx — 6 intersect at
a point on the z-axis?

(A) mb=12

(B)| mb+12=0
(C) m=3b

(D) m+3b=0
(E) 3m=1b

Since the two lines intersect at a
point (a,0), solve the system

{ 20 +b =10

ma—6 =0

40. What is the area shared by two intersect-

ing circles of radius 1 passing through each
other’s center?

(A) %

(B)

2?7r
(C) £+

7

z

(E)
Geometry: Consider one wedge
from the center of the circle on the

left, the inscribed equilateral trian-
gle, and the left-over lunate sliver.

V3

Awedge = % and Atriangle = 3, SO
Adliver = i @. The total area is two

equilateral triangles plus four slivers:

Atot:2'§+4' <%—§ .
Calculus: Divide the total area into
four equal parts by lines of horizontal

and vertical symmetry.

1
Atot:4/ \/1—$2d$
1/2

rV1l—2z2 1 . !
=4 | —— + —5sin"
2 2 1/2

1 l\/g 1
_ 4 O—I——E—z 2 T

22 2 26

Calculus: Express the circles in polar
coords: r = 1 and r = 2cosf. They
intersect where cos § = % The area of
overlap is the area of the right circle
minus the area not in the left circle.

A= W(I)Q—/_W/S % [(2 cos f)* — 12] do

/3

/3
:7'['—/ <2C0820—%> do

/3

/3
:7'['—/ (COSQ@—I—l—%)d@

/3

{sinZ@ 1 }W/S
=7 — + -0
2 2 /3




